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let rec x = (fx) in · · · 5 ♥ 6
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rec x = (fx)
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x = f(λz.Yfz)
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let rec x = X in · · ·
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x = let r = ref(raiseUndefined)
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point = let rec self = {pos = ref 0,
move = λd(self .pos
 v self .pos + d)}
in self
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LAVdLjRw[!EP<3|?N[1XE>/W4=[DRT[W/W43JHRwE JHLA2 E>/WR< Z3yT?j<><=|XC4O1[1Rw[Wi)?<>@Wc$Z3yT?j<>< 4=?NE>@WJHRT[Wi£?[143v254OEH/WLCX
EH/1?EJ>4#<43EH<E>LD?DiART}A43[S}?NyT@W4£E>/W4VdL!<RwE>RTLA[LAKE>/W4LAcCMG4#ZE=./143[EH/WRT<8[W4=\2)43E>/WLCX2@1<EU/1?`}A4?AZ3Z34=<H<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posVd?NJP?N254OEH43J_LA$EH/W4LjcCMG4=ZOE=!/WRTZP/5EH/W43JH4OLjJ>42@1<E c$4U?`}?NRTyT?AcWyw4LjJ RT[W/W4=J>RwEH?A[1ZO4j.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self
V1?NJP?N254OEH43JKR<_RT[!E>JHL|XW@1ZO4#X
43BW?AZEHywFLAJEH/WRT<VW@WJHVdL!<4jCLN,VWJ>L}|RXCRT[Wi?AZ3Z34=<H< E>L5E>/14ZOLA25V$LA[W4=[!EH<LNE>/14YLAcCMG4#ZE= ./W43[E>/14ZOy?A<H<LN,VdLjRw[!EH<25?`F
c$4YJHRE>E>43[
Point = λxλself {pos = ref x
move = λd(self .pos
 v self .pos + d)}
?A[1XRw[d<GEP?N[!E>R?EH4=XywR03A4E>/1RT<=
point = (let rec p = (Point 42)p in p)w8<)LA[W4SZ3?A[<4=4A_4?AJ>4@1<>Rw[Wi/W4=J>4?N[RT[1<EH?A[1ZO4LNEH/W4D1B|V$LART[!E)4#!@1?EHRwLj[
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(Point 42)
JHLA2t/WRZP/ 4Y?NJH48EH?b3|RT[Wi)E>/W41B|V$LART[!EF!RT43yXW<<>LA254YZOLj2)V1@CEH?NE>RTLA[1?Ay$43$4#ZEP<31?A[1X/W43JH4E>/W4
1B|V$LART[!E R<_[WLAE ?@W[1ZOE>RTLA[ 5 2 6 -1 [?JH4=Z343[!E V1?AVd4=J UJH43Fj43Jx; Ee>$VdLjRw[!EP<_LA@WE ?N[WLAE>/W4=J <>REH@1?EHRwLj[)/143JH4UZOLj2)V1@CEH?NE>RTLA[1?Ay43$4#ZEP<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?Yy?N[Wij@1?Nij4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REH/1JP<GEZOy?A<H<
Z3LA[!E>RT[|@1?EHRwLj[1<=1 [r; ez> 4YRw[!EHJ>LCXC@1Z34=X?5J>4#ZO@WJP<>RwLj[ZOLj[1<E>JH@1ZEE>/d?EU?NyTyTL<@1<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V$LNEH43[!E>R?NyTyTF@W[1<H?4JH4=ZO@1JH<>RwLj[Rw[LAJPXC43JLjJ
rec x = fx
E>L5cd4Y?jZ3ZO4=VCEH?AcWyT4A|E>/148@1[1ZEHRwLj[
f
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JH4=Z3@WJP<RTLA[}?AJ>R?NcWyT4
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M
jEH/W4J>4#ZO@WJP<>RwLj[
rec f = (λxλyM)N
RT<?Ayw?`FC<_JH4GMG4=ZOE>4#X¥7|4=Z3LA[1XjEH/W4Rw[!EH@WREHRw}j4
254#?N[WRT[WiSLN_EH/W4kS><>?N43[W4#<><XC43ijJ>4=4=< p Rw[!EHJ>LCXC@1Z34=XRw[E>/14EGF|V$4<FC<E>432 LN	; e>_R<[WLNEY4#?A<>FSE>L@W[1XC4=JH<EH?A[1X 5 ?N[1XE>/14V1J>L|LNLNEGF|Vd4Y<H?4OEGFDRT<[1LNELAc|}|RwLj@1< 6 K./WRTJHXWE>/W4YRT25VWyw4=2543[!EH?NE>RTLA[RT<<>yTRwij/jEHywFDyw4#<><4Z3Rw4=[!EEH/1?N[:9?N[1XCRT[  <LA[W4j1 [E>/1RT<5V1?AVd4=J5 4S<GEH@1XCF?A[WLNEH/W43J5VWJHLAV$Lj<H?Ny{_XC@W4EHLu8JH43FA4=J<; E>~ /1RTZP/2?`F cd4S4OBCVWy?NRT[W4#X?A<LjywyTL<3E>/14
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r
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( v r)  ./W43[Lj[W45ZOLA@1yTXa?jZEH@1?NyTywFSi!?NRT[<Lj254OE>/1Rw[WiRw[ZOLj[1<RXC4=J>RT[WiD?WBCVdLjRw[!E
rec x = X
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/W4=J>4
x
R<?JH4O43JH43[dZO4A 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x
?j<?M9z~}?NyT@W4 5 R 4A_?j<XW43[WLAE>RT[Wi?£2)4=25LAJHFyTLCZ3?EHRwLj[ 6 RT[D<>LA254UZ=?A<>4=<
	)EGF|VWRTZ=?NyTywFjj/143[ x RT< @1<>4=X?j< ?A[D?NJHiA@W254=[jE#jyTR03A4RT[ fx 	+j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point
43BC?A25VWyw4jA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 b]c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LA[dZO4A
c1@CE[WLNE @WJEH/W43J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REH/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/143[4YRw[!E>JHLCXC@1Z34?<V$4=Z3RdZEGF|V$4£ZOLj[1<E>JH@1ZE
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LAJ¥SJ>4#ZO@WJP<RT}A4c$L`BC4=X}?NyT@W4=< p LAEGF|V$4 τ .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LAJH4=Z3@WJP<RTLA[RT<EH/W43[SLAc|}|RTLA@1<=yTR03A4REH/E>/W4
ref
ZOLA[d<GEHJ>@1ZOE=WZ3J>4#?E>4Y?£J>4#</SyTLCZ3?EHRwLj[
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V
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V
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EHLYE>/W4<4=2?N[!E>RZ3<  48/1?AX5RT[ ; eW  >{|4OBWZ343VCE_EH/1?E@1<>Rw[Wi
EH/W4Y9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RT[
X
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EH/1?E8 4XC4=[WLNEH4
unfold
1~EUR<RT252)4#XCR?E>4E>L?AX1?NVCEEH/W443[dZOLCXCRT[WiLNKLAcWMG4=ZEP<LN; e>EHLE>/WR<U<>4OE>E>RT[Wi1bWLjJRw[d<GEP?N[1Z34A
EH/W4
Point
ZOy?A<H<?Nc$L}A4cd4#ZOLA254#<
Point = λxλself {pos = ref x
move = λd((unfold self ).pos
 v (unfold self ).pos + d)}
./14£JH4=<E>JHRTZOE>RTLA[aLj[W4/1?j<EHLDRT2)V$Lj<>4LjJ8JH4=Z3@WJP<RTLA[E>Lc$4<H?4XWL!4#<U[1LNE82?AiARZ3?NyTyTFXCR<H?NVWV$4=?AJ=RwE8R<<E>RTyTy?A[a43JHJ>LjJ
EHL£@W[WLAyXE>/14U}?NyT@W4LN ?JH4=Z3@WJP<RT}A4}?NJHR?NcWyT4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; ez>~,.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RwyTy+?NyTywL<K@d<_EHL@1<>4EH/W41B|V$LART[!E 4=!@1?NE>RTLA[
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(Point 42)
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?VWJHLNEH4=ZEHRw}j4U@1[1ZEHRwLj[LA
self
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z Z3?NyZO@1yw@1< 4OB|EH43[1XC4#XRwE>/DJH4=Z3@WJP<RTLA[-wywE>/1LA@Wij/E>/W4[W4=4=X5EHLXC4#?Ny$REH/
Z3LA25VW@CEP?EHRwLj[1?Ny$4O+4=ZOEH<RT[DJH4=ZO@1JH<>Rw}j4}?NyT@W4=<R<LA[W48LNEH/W482?ARw[2)LAE>RT}?E>RTLA[d< LjJ?iA4=[W43JP?NydJ>4#ZO@WJP<>RwLj[DZOLj[1<GEHJ>@dZE=C?j<
4£<H?`'?AcdL}j4AWLj@WJUZ3?AyTZ3@WyT@1<XCL|4=<[WLNEURT[1Z3yw@1XW4£?N[|FD43$4#ZE#d?NVd?NJ>EJ>Lj2 JH4=ZO@1JH<>RwLj[RwEH<>43ywG$[WLAJU?A[|FDLNEH/W43J8ZOLA[d<GEHJ>@1ZOE
yTR03A4YJH4=ZOLjJHX1<3|V1?ARwJP<3|43EHZN ./WRT<R<Lj[WywFE>L<>Rw25VWyTRFDE>/W4YV1J>4#<4=[jEP?EHRwLj[,RER<}A4=J>F4#?A<>FE>L543B!EH43[1XEH/W4Z3?AyTZ3@Wyw@d<REH/
}?AJ>RTLA@1<8LNEH/W43JZOLj[1<E>JH@1ZEP< 5 <4=4q; E> 6 a1 [E>/WR<V1?NV$43J4)<>/1?Aywy,XC43[1LNE>4)c|F %xM E>/W4)JH4=ZO@1JH<>RwLj[ZOLj[1<E>JH@1ZE#$/1RTZP/RT<?A[WLNEH/W43J£[WLNEP?E>RTLA[ RwE>/?<V$4=Z3RdZD<4=25?A[!E>RZ3<= LjJ£/1?NE£ 4DJ>LAE>4
(let rec x = M in x)
RT[ E>/W4 1 [jEHJ>LCXC@dZE>RTLA[ 
./143[E>/W4<>F|[!EH?BLNLj@WJZ3?AyTZ3@WyT@1<RT<=
M, N . . .
TT
x | λxM | unfold | %xM | (MN)
b1LAJRT[1<EH?N[dZO4ACLj[W4Y2?`FXC4Od[W4E>/W4<EH?A[1XW?AJHX2?E>/1432?EHRTZ=?Ny+WBCV$LART[jEZ3LA2£c1Rw[1?NE>LjJ=
fix = λf%y(fy)
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Y = %yλf.fλx.(unfold y)fx
?AyEH/WLA@1iA/4SZ3?N[1[WLNEZOy?NRT2E>/1RT<)R<)E>/W4SJHRwij/jE)Rw25VWyT43254=[jEP?EHRwLj[EHL@1<>4 5 LjJ5?EGF|VWRT[WiJH4=?j<Lj[ E>/d?E 4S<>/1?NyTy<4=4y?EH43J 6 _1 [ZOLj2)Vd?NJHRT<>LA[SRwE>/aEH/W4Z=?NyZO@WyT@1<ULN 8J>4=FA43Jn; Eb>{$4£LAcd<4=J>}j4E>/1?NE84XCL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[] | (EN) | (V E) | ((set `)E)
 LNEHRTZ34KE>/1?NE?N[Y4=}?NyT@1?EHRwLj[Z3LA[!E>43B|EXCL|4=< [WLNEZ3LA[!EH?ARw[Y?A[!F8cWRT[1XC43J#  LNEHRTZ34 ?Ny<LEH/1?E E>/W4#<4 Z3LA[!E>43B|EH<Z3LAJHJ>4#<V$LA[1X8EHL?
yT4O E>zEHLNz~J>RTiA/!E_Z3?Aywywz~c!F!z~}?NyT@W4<GEHJH?NE>43ijF 5 EH/W43JH4R<K[WL<>4=!@W43[dZORT[WiZOLj[1<GEHJ>@dZE_RT[EH/W4y?N[Wij@1?Nij4ALAE>/W4=JKE>/1?A[?NVWVWyTRZ3?EHRwLj[ 6 
¬2¬ e­d®z¯¯o®
E   	bªe]
./143[E>/W4EHJH?A[1<>REHRwLj[JH@WyT4=<?NJH4A
(S,E[(λxMV )]) → (S,E[{x7→V }M ])
(S,E[(unfold `)]) → (S,E[V ]) S(`) = V
(S,E[%xM ]) → (S,E[((set `){x7→`}M)]) ` 6∈ dom(S) ∪ loc(E[%xM ])
(S,E[((set `)V )]) → (S[`
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` ∈ loc(P ) − dom(S) ⇒ ∃E, ∃Q. P = E[((set `)Q)]
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loc(P ′) ⊆ loc(P )
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Γ, x : τ ` x : τ, ∅
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Γ, x : τ rboxρ ` M : τ, E
Γ ` %xM : τ, E
ρ 6∈ E
Γ ` M : (τ
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−→ σ), F Γ ` N : τ, G
Γ ` (MN) : σ, E ∪ F ∪ G
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C u Γ ` M : τ, α C ` β 6 α
C u Γ ` M : τ, β C u Γ, x : τ ` x : τ, 1
C u Γ, x : τ ` M : σ, a
C u Γ ` λxM : (τ a−→ σ), 1
C u Γ ` M : (τ a−→ σ), α C u Γ ` N : τ, β
C u Γ ` (MN) : σ, a ∧ α ∧ β
C u Γ ` unfold : (τ rbox 0−→ τ), 1
C u Γ, x : τ rbox ` M : τ, 1
C u Γ ` %xM : τ, 1
Figure 1: The Type and Binary Effect System
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   ! # 
τ, σ . . .
ww
t | (τ
a
−→ σ) | τ rbox 
	  
./14SEGF!V1Rw[WiMG@1XCij432543[!EP</1?`}A4E>/14LjJ>2
C u Γ ` M : τ, α /W43JH4 C R<? 
(bj[U#HejTU  E>/1?NERT<?1[WRwE>4a<>4OELART[W4#j@d?E>RTLA[d<
p1 6 α1, . . . , pn 6 αn
  LAE>RZO4EH/1?E<@dZP/?ZOLj[1<GEHJH?ARw[!E_R< ?Ayw?`FC<K<>?NE>R<G$?NcWyT4A!c|F)?j<><>Rwij[WRT[Wi
0
E>L£43}A4=J>F
43$4#ZEU}?AJ>R?NcWyT4LAJURw[1<EH?A[1ZO4j1 [SEH/W4YEGF|VWRT[WiJH@Wyw4£ 4Y@1<>4MG@1XCij432543[!EP<LN,EH/W4YLAJH2
C ` β 6 α
d/WRTZP/a?AJ>4YV1J>L}j4=X
c|F2)4#?N[1<LA?A[RT[C43JH43[dZO4<>F|<E>4=2t/WRZP/</WLj@WyXDc$4YLAc|}|RwLj@1<=![d?N2543yTF+
C ` 0 6 α C ` α 6 1 C ` α 6 α
C ` α 6 γ C ` γ 6 β
C ` α 6 β
p 6 α , C ` p 6 α C ` (α ∧ β) 6 α C ` (α ∧ β) 6 β
C ` γ 6 α C ` γ 6 β
C ` γ 6 (α ∧ β)
./143[ E>/14EGF|VWRw[1i<FC<E>432 RT<iART}A43[ RT[bRwij@WJ>4 6j'./W4SdJH<EJ>@1yw4R<D?A[43$4#ZED4=?ª3A4=[WRw[1iJH@WyT4A<EH?EHRw[1iuE>/1?NED?SiAL|LCX p 43$4#ZEZ3?A[?Ayw?`FC< c$4<H?43yTFXCL[WijJH?jXC4=X21 [E>/W4YJH@WyT4LAJEGF|VWRw[1i5?Ac1<E>JP?AZEHRwLj[1<=jEH/W4J>4#<GEHJ>RZEHRwLj[EH/1?ELA[1ywF43$4#ZEP<Z3?N[LCZ3ZO@1J)RT[EGF!V$4=<)R<5[WLNE5}A4=J>F<>43JHRTLA@1<=Rw84Z=?N[RT[C4=J
C u Γ, x : τ ` M : σ, α  4Z=?N[ ?Ny<LRw[W43J
p 6 α, C u Γ, x : τ ` M : σ, p /143JH4 p R<U?J>4#</4O+4=ZE}?NJHRT?AcWyw4j1EH/1?N[ 3C<E>LEH/W4)4O+4=ZE 4#?b3j43[WRT[WiJH@Wyw4j?N[1XS4

3 %%o*\#z¦^ zx¡x ¦
η
`e\¡ ex`zz\#\¡ 
M
 ¦ #z¡Ozb-¡# x`z#\¡ _ ¦ zb
(τ rbox
0
−→ τ)
e* 
λx.M(unfold x)
z
fix
oz %b¡	# t\c(#e¢2z¡4¡ 2 #`\¡ ¤«
 ¬ 
 	
	 
2?`F)[WLv?NVWV1ywFE>/W4UJ>@WyT4LjJ_EGF|VWRT[Wi£?Ncd<GEHJH?jZE>RTLA[d<3 s 4ZOLA@1yTX?AyT<>LY/1?`}A4UJ>4#<GEHJ>RZEH4=X)4O+4=ZOE 4=?b3j43[WRT[WiEHLYEH?ª3A4VWy?AZ34
Lj[WyTF/W43[EGF|VWRT[Wi?N[?Ncd<GEHJH?jZE>RTLA[ 
C u Γ, x : τ ` M : σ, α C ` a 6 α
C u Γ ` λxM : (τ a−→ σ), 1
  ),+  - 	$ )
1 [ LjJHXW43JE>LVWJHL}A4)EGF|V$4<>?N4OEGFA 45dJH<E4OB|E>4=[1XE>/W4EGF!V$4<>F|<E>4=2 EHLSE>/W4JH@W[Cz{E>RT254yT?A[WiA@1?AiA4j. LSEH/WRT<£43[1X 4
?j<><>@W254E>/d?EEH/W4YEGF|VWRT[WiZOLj[jEH4OB|EH<UZOLA[!EP?NRT[[WLAEULA[1ywF?A<H<@W25VCEHRwLj[1<?Nc$LA@WEE>/W4EGF!V$4YLNK}?NJHR?NcWyT4=<=CcW@CE8?AyT<>L<>Rw25RTyT?AJ
?j<><>@W25VCEHRwLj[1<?Nc$LA@CEyTLCZ3?EHRwLj[1<=,./143[S 4/1?`}j4E>/W4YJH@WyT4=<=
C u Γ, ` : τ ` ` : τ rbox, 1
C u Γ, ` : τ ` P : τ, 1
C u Γ, ` : τ ` ((set `)P ) : τ, 1
./14YJ>@WyT4=<LjJEGF|VWRw[1i
(PN)
?N[1X
(V Q)
?NJH4E>/W4<H?N254Y?A< E>/14YLA[W4LjJ
(MN)
W?N[1XS?NJH4LA25RE>E>4#Xw Z3LA[C1ij@WJP?E>RTLA[RT< ?A@WyEGFRE>/W4Z3L|XW4EHLScd4ZOLj25VW@CE>4#XZ=?NyTyT<LjJY?}?Ayw@W45LA?ywLCZ3?NE>RTLA[
`
JHLA2 EH/W4<GEHLAJH4
S

c1@CEE>/WR<yTLCZ3?EHRwLj[/d?A<)[WL }?NyT@W4SRw[
S
v./1?NERT<=? b]cU  Z3LA[CdiA@WJP?EHRwLj[/1?j<£EH/W4SLAJH2
(S,E[(unfold `)])
REH/
` 6∈ dom(S)
FEH/W4n LAJHLAyTy?NJHFeW eWCR_<>@1ZP/S?)Z3LA[CdiA@WJP?EHRwLj[DR<J>4#?AZP/W4#XDXC@1J>RT[Wi)E>/W4Y4=}?NyT@1?EHRwLj[LA,?A[43B|V1J>4#<><>RwLj[
EH/1?ER<
(∅, M)
∗
→ (S,E[(unfold `)])
RwE>/
` 6∈ dom(S)
4/1?`}A4
E = E0[((set `)E1)]
1~ER<4=?j<FE>LZP/W4=Z3E>/1?NE<>@1ZP/?N[4OBCVWJH4=<H<>RwLj[DR<[WLNEEGF|V1?AcWyw4j
¥Q C	C	B g1T6A       ! #  !   !  & E0[((set `)E1[(unfold `)])]   # !/
	   "'
15EH/W44OBCVWJH4=<H<RTLA[
(unfold `)
/d?A<4O+4=ZE
0
 QSLAJH4DV1J>4#ZOR<4=ywFjRw
C u Γ, ` : τ ` (unfold `) : τ, α R<)?}?NyTRTXMG@dXCiA4=2)4=[!E=E>/W4=[v 4S/1?`}j4
C ` α 6 0
!1~EDR<4=?j<FE>LZP/W4#Z3$ c|FRT[1XC@1ZOE>RTLA[vLA[E>/14<GEHJ>@dZE>@1J>4j EH/1?ELjJD?N[|F
4=}?NyT@1?EHRwLj[DZOLj[jEH4OB|E
E
|Rw
M
/1?A<43$4#ZE
0
|Rw[DE>/W4VWJH43}|RTLA@1<<4=[1<>4A!E>/W4=[
E[M ]
?Ny<>L£/1?j< 43$4#ZE
0
|LAJR< [WLAE EGF|V1?AcWyT4A
./143[
((set `)E1[(unfold `)])
RT<[WLNEEGF|V1?Nc1yw4j1<RT[1Z34
set
JH4=!@WRTJH4=<RwEH<<>4=ZOLj[1X?NJHiA@W2543[!EE>L5/1?`}j4843$4#ZE
1

./143[E>L54=<EH?AcWywR<>/DEGF|V$4<H?43EGFA|RwELA[WyTFJ>4=2?NRT[1< E>L</1LvE>/W4Y<EH?A[1XW?NJPXD<>@WcCMG4#ZEJH4=XC@1ZOE>RTLA[VWJHLAV$43J>EGFA,. L)E>/1RT<4=[1X
4VWJHL}A4AC?j<@1<@d?Ny{1?5<@Wcd<GEHREH@CE>RTLA[SyT43252?W
¥Q C	C	B g1 eC $% C u Γ, x : τ ` M : σ, α  # ' C u Γ ` V : τ, β    # C u Γ ` {x7→V }M : σ, α 
1RE)RT<£4=?j<FE>L<>434EH/1?E}`?Ayw@14=</d?`}A44O+4=ZOE
1
EH/1?E£R<=Rw
C u Γ ` V : τ, β R<£?S}?AywRXMG@1XCij432543[!E=EH/W43[
C u Γ ` V : τ, 1 RT<8}?NyTRTXaE>L|L 5 c!FRT[1XC@dZE>RTLA[LA[EH/W4)VWJ>L|LA_LNKE>/14£1JP<E MG@1XCij432543[!E 6 ./W4=[a 45<>/WLxE>/W4 94=2)2?c|FRT[1XC@dZE>RTLA[LA[E>/14YVWJ>L|LA LN
C u Γ, x : τ ` M : σ, α 1?A[1XDc|FDZ=?A<>48Lj[DEH/W4Yy?A<EJH@WyT4@d<4#XDRT[E>/WR<VWJHL!LAG-1~EH/WRT<R<?A[?BCRwLj2SCREH/
M = x

σ = τ
?A[1X
α = 1
|E>/W4=[S 4Y@1<>4E>/14 ?AZEEH/1?E
V
/d?A<4O+4=ZOE
1
E>LZ3LA[1Z3yw@1XW4AK1~E>/WR<R<?N[
?NBCRwLj2 RwE>/
M 6= x
1EH/W43[4Y@1<>4E>/W4 ?AZE#1/WRZP/SRT<U4=?j<FEHLVWJHL}A4j|E>/1?NER
C u Γ, x : τ ` M : σ, α ?N[1X x RT<[1LNEJH434RT[
M
|EH/W43[
C u Γ ` M : σ, α wyTyE>/W4LAE>/W4=JZ=?A<>4=<?NJH4Rw25254=XCR?EH4 5 25LCXC@WyTL α z ZOLA[|}j43JP<RTLA[RT[E>/W4YZ3?j<4/W4=J>4
M
R<?N[S?Nc1<E>JP?AZOE>RTLA[DLjJ?)J>4#ZO@WJP<RTLA[ 6 
 LEHLVWJ>L}j4<>@WcCMG4#ZEJH4=XC@1ZOE>RTLA[C4Y4OB|EH43[1XDE>/W4EGF|VWRT[Wi5EHLEH/W4<E>LAJH4A
C u Γ ` ∅
C u Γ, ` : τ ` S C u Γ, ` : τ ` V : τ, α
C u Γ, ` : τ ` S[`  V ]
?A[1XE>/W4=[E>LZOLj[C1iA@1JH?NE>RTLA[1<=
C u Γ ` S C u Γ ` P : τ, α
C u Γ ` (S, P ) : τ
¥Q C	C	B L
	QdNJQ£N 
g1   $% C u Γ ` (S, P ) : τ  # ' (S, P ) → (S′, P ′)    #        Γ′ * & 
   C u Γ′ ` (S′, P ′) : τ # ' Γ′ = Γ !$ Γ′ = Γ, ` : σ !   !'&  ` # ' σ 
¬2¬ e­d®z¯¯o®
6#f   	bªe]
1E>/1RT< RT<?<EH?N[dXW?NJPX)J>4#<@WywE 5 
 £; ejez> 6 C?N[1X54Lj[WywF5<H3A4OEPZP/5E>/W4UVWJ>L|LAG%1~ (S, P ) → (S′, P ′) EH/W43[ P = E[R]LjJ<>LA25443}?NyT@1?NE>RTLA[ Z3LA[!E>43B!E
E
?A[1X <>LA254J>4#XC4OB
R
8?N[dX
P ′ = E[Q]
./W4=[EH/W4V1J>L|LNLAE>/14DMG@1XWiA43254=[jE
C u Γ ` (S, P ) : τ /1?A<EH/W4LAyTywLRT[WiLAJH2S

C u Γ ` S

C u ∆ ` R : σ, β
C u Γ ` E[R] : τ, α
C u Γ ` (S,E[R]) : τ Π
/143JH4 4?AZOE>@1?AywyTFa/1?`}j4
∆ = Γ
<RT[1Z34
E
RT<Y?A[u43}?NyT@1?EHRwLj[Z3LA[!E>43B|E= /1RTZP/ XCL|4=<[1LNERT[!}jLAyT}A4?N[|Fac1Rw[1XW43J# s 4
43BW?N25Rw[148EH/W4YV$Lj<H<RTcWyT4Z=?A<>4=< LAJ
R
W?A[1XRw[4=?jZP/Z=?A<>484VWJ>LCZ3434=Xc|FRT[1XC@1ZOE>RTLA[SLA[E>/W4YV1J>L|LNLN
C u Γ ` R : σ, β ?A[1XE>/143[ac|FSZ3?A<>4=<LA[SE>/14£y?A<EUJ>@1yw4@d<4#XSRw[EH/W4£V1J>L|LNGdRw[LAJPXC43JEHL<>/WL EH/1?E8E>/WR<V1J>L|LN_Z=?N[c$4£JH43VWy?AZ34=XRw[
Πc|F?SVWJ>L|LALA
C u Γ′ ` Q : σ, β 5 ?A[1X <RT2£@1yEP?N[W4=LA@1<>ywFaE>/W4V1J>L|LNLN C u Γ ` S Z=?N[uc$4J>4=VWy?AZO4#Xc|F?SVWJ>L|LALA
C u Γ′ ` S′ 6 1EHL1[d?NyTywFLAcCEP?NRT[a?VWJHL|LNKLN C u Γ′ ` (S′,E[Q]) : τ 8./143JH4£?NJH4YEGLDZ3?j<4#<343RwE>/W4=JEH/W4£y?A<EUJH@Wyw4Rw[V1J>L}|RT[Wi
C u Γ ` R : σ, β RT<E>/W443$4#ZE 4#?b3A4=[WRT[Wi5J>@WyT4A$RT[/WRTZP/aZ=?A<>4Y 4<RT25VWywF@1<>4YE>/14Rw[dXC@1ZEHRwLj[/|F!V$LNEH/W4=<>R<3LjJRER<?5JH@Wyw4YXC4=Vd4=[1XCRT[WiLA[E>/14<F|[!EH?NBLNE>/W4Y43B|V1J>4#<><>RwLj[
•
1~
R = (λxMV )
?A[1X
Q = {x7→V }M
E>/W4=[E>/W4YVWJHL|LNJ>4=VWyT?jZO4=2)4=[!ER<?A<LjywyTL<=|E>/1?A[ 3C<E>L)E>/W4a9 43252?5g1 eC

C u Γ, x : θ ` M : σ, γ
C u Γ ` λxM : θ a−→ σ, δ0

C u Γ ` V : θ, δ1
C u Γ ` (λxMV ) : σ, β  

C u Γ ` {x7→V }M : σ, γ

C ` β 6 γ
C u Γ ` {x7→V }M : σ, β
/143JH4
C ` a 6 γ
?A[1X
β = a ∧ δ0 ∧ δ1

•
1~
R = (unfold `)
?N[dX
Q = V = S(`)
C42£@1<E/d?`}A4
Γ = Γ′, ` : σ 5 ?N[1X C ` β 6 0 6 <>Rw[dZO4 C u Γ ` (unfold `) :
σ, β
W?N[dX!<>RT[1ZO4
S = S[`

V ]
! 4U/1?`}A4
C u Γ ` V : σ, γ  s 48?AywJH4=?jXCF£Ljc1<4=J>}j4=XE>/d?E C u Γ ` V : σ, 1 R<_EH/W43JH4OLjJ>4}?AywRXW/W4=[1ZO4
C u Γ ` V : σ, β c!FDE>/W4Y43$4#ZE4=?ª3A43[1Rw[Wi5JH@WyT4A s 4E>/W4=[JH43V1yT?jZO4E>/W4YV1J>L|LNLNEGF|VWRw[1iLN R Rw[ Π c|F?)VWJHL|LNLNE>/WR<y?EEH43J,MG@1XWiA43254=[jE#
•
1~
R = %xM
?N[1X
Q = ((set `){x7→`}M)
/W4=J>4
` 6∈ dom(S) ∪ loc(E[R])
E>/143[aEH/W4£V1J>L|LN_JH43V1yT?jZO43254=[jE8RT<?A<
LjywyTL<=WE>/d?N[ 3C<EHLE>/W4n943252?gd eW1@1<>Rw[1i? 4#?b3j43[WRT[Wi5VWJHLAV$43J>EGFAW[1?A2543yTFDEH/1?EULj[W4£Z=?N[?AXWXS/|F|V$LNE>/14=<>4=<RT[E>/14
EGF|VWRT[WiZOLA[!EH4OB|E8VWJHL}|RTXW4=XE>/d?EE>/W4=FaXCLD[WLAEZ3LA[1Z343JH[8; ?D}`?AJ>R?Nc1yw4LAJH>?yTLCZ3?NE>RTLA[aLCZ3Z3@WJHJ>RT[WiRT[E>/14)<>@WcCMG4#ZE8LA_E>/14
MG@dXCiA4=2)4=[!E 5 E>/1RT<R<4#?A<>F5E>LVWJHL}A4 6 

C u Γ, x : σ rbox ` M : σ, 1
C u Γ ` %xM : σ, β  

C u Γ, ` : σ ` {x7→`}M : σ, 1
C u Γ, ` : σ ` ((set `){x7→`}M) : σ, β
5 REH/ β = 1 6 8[W4E>/W4=[S@1<4#<E>/W4Y4=?ª3A4=[WRw[1iVWJHLAV$43J>EGF5E>LZ3LA[1Z3yw@1XW4A
•
bRT[1?NyTyTFRw
R = ((set `)V )
?A[1X
Q = V
?N[dX
S ′ = S[`

V ]
$4Y/1?`}A4
Γ = Γ′, ` : σ
$?A[1XE>/W4£J>4=VWyT?jZO4=2)4=[!EH<EHL
V$43J>LAJH2tRT[
Π
?NJH4?j<LAyTywL<=,bRTJP<GE#WJ>4=ij?AJHXCRT[Wi
R


C u Γ ` V : σ, 1
C u Γ ` ((set `)V ) : σ, 1  

C u Γ ` V : σ, 1
 ¬ 
 	
	 6j6
?A[1XWJH43i!?NJPXCRT[Wi
S


C u Γ ` S  

C u Γ ` S

C u Γ ` V : σ, 1
C u Γ ` S′
./1RT<Z3LA[1Z3yw@dXC4=<EH/W4YVWJHL!LALA<>@WcCMG4=ZOEJ>4#XC@1ZOE>RTLA[
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